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Abstract
We study corner contributions to holographic mutual information for entangling regions com-
posed of a set of disjoint sectors of a single infinite circle in 3-dimensional conformal field theories.
In spite of the UV divergence of holographic mutual information, it exhibits a first order phase
transition. We show that tripartite information is also divergent for disjoint sectors, which is
in contrast with the well-known feature of tripartite information being finite even when entan-
gling regions share boundaries. We also verify the locality of corner effects by studying mutual
information between regions separated by a sharp annular region. Possible extensions to higher
dimensions and hyperscaling violating geometries is also considered for disjoint sectors.
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1 Introduction
Quantum entanglement is one of the important features of quantum mechanics that emerges in
several areas of physics including condensed matter, quantum information and black hole physics.
In the context of quantum field theories (QFTs), the notion of entanglement can reflect various
features of the theory, depending on how the Hilbert space of the theory is decomposed. This
leads to different types of entanglement in QFTs including those which are denoted in the literature
by spatial (or geometric) entanglement [1–4], momentum space entanglement [5], and field space
entanglement [6–8]. Here we focus on geometric entanglement, which has been widely studied during
recent years, in order to extend some recent developments in the context of corner contributions to
different entanglement measures.
Entanglement entropy is a well-known measure to quantify quantum entanglement. In the
context of geometrical entanglement, in order to define entanglement entropy (EE) we consider
a spatial region V on a constant time slice of a d dimensional field theory. Assuming that the
total Hilbert space has a decomposition as Htot. = HV ⊗ HV¯ , one can define a reduced density
matrix corresponding to region V by integrating out the degrees of freedom living in its geometrical
complement V¯ , i.e., ρV = TrV¯ ρtot.. Entanglement entropy is then defined as the von Nuemann
entropy for this reduced density matrix which is given by SEE = −Tr ρV log ρV .
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Figure 1: Left: The blue plane represents a constant time slice of a d = 3 CFT with a kink (k)
entangling region on it. Right: A crease (k × Rm) entangling region as a direct generalization of
the kink in higher dimensions.
Entanglement entropy in QFTs is a UV-divergent quantity which its leading divergence is pro-
portional to the area of the entangling region V , due to the leading contribution of the near-boundary
local degrees of freedom i.e. [1, 3, 9]
SEE = c
(d−2) AV
d−2
+ · · ·+ s(d)univ. +O
(
`
)
, s
(d)
univ. =
c
(d)
e log
`
 d : even
c
(d)
o d : odd
. (1.1)
In the above expression 1/ is the UV cut-off, AV is the area of the entangling surface, ` is the
characteristic length of V , and s
(d)
univ. encodes some universal information about the QFT. Note that
by varying  the two constants c
(d)
e and c
(d)
o does not change and they are called universal in this
sense. The well-known example of this universal information occurs in two dimensional conformal
field theories where c
(2)
e is proportional to the central charge of the theory [4].
Although the computation of EE even in the simplest case of two dimensional conformal field
theories is not an easy task, for the case of field theories supporting a gravity dual in the context of
AdS/CFT correspondence [10], one can apply the RT prescription [11] to calculate the holographic
entanglement entropy (HEE). This set up is based on finding a minimal area surface in the bulk
of an asymptotically AdS geometry. This surface anchors on the boundary of V on the conformal
boundary of the bulk and the corresponding HEE is given by
SEE =
min(Area)
4GN
. (1.2)
Using this prescription Eq.(1.1) is reproduced for strongly coupled conformal field theories support-
ing a gravitational dual [12].
The structure of the universal terms appearing in the EE depends on the geometry of the
entangling region. If the entangling region contains a singularity, it has been shown that extra
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divergent terms appear in the entanglement entropy [13–16]. Two simple types of singular entangling
regions which are known as kink (in d = 3) and crease (for d ≥ 4) are shown in Fig.1. The simplest
example which is a kink in three dimensions with opening angle Ω and length H has an extra
logarithmic divergent term that modifies Eq.1.1 as
SEE = c
(1)AV

− a(Ω) log H

+ c0 +O
( 
H
)
, (1.3)
where the function a(Ω) encodes some universal information about the theory and for a pure state
it has a symmetric property as a(Ω) = a(2pi − Ω). The strong subadditivity property and Lorentz
invariance of EE impose more constraints on a(Ω). In the large angle (smooth) limit and small
angle (sharp) limit of the opening angle Ω one finds
a(Ω→ 0) = κ
Ω
+ · · · , a(Ω→ pi) = σ(pi − Ω)2 + · · · , (1.4)
where κ and σ correspond to some characteristics of the underlying CFT. In particular recently
it was shown that the constant σ is proportional to the central charge appearing in the two point
function of the energy-momentum tensor as σ = pi
2
24CT , where this relation has some universal
properties [17]. The existence and further generalizations of this universal ratio in more general
cases is studied in several directions in [18–24].
An important feature of the new divergence appearing in such entangling regions is the extensive
contribution of its coefficient, a(Ω), to entanglement entropy which could be easily understood from
the locality of the field theory.1 Since the UV contributions to entanglement entropy from separate
points are supposed not to see each other, if there are more than one corner in the entangling region
one may expect an extensive contribution to entanglement entropy from each corner (see [13]). We
will come back to this point in this section and also in the body of this paper again, specifically
when we study mutual information between sectors of an infinite circle.
As mentioned above, the EE for a single line segment in two dimensional CFTs is completely fixed
by the central charge. In order to gain some information about the field content of the corresponding
CFT, one needs to probe the theory by means of more powerful entanglement measures. In particular
mutual information is such a measure which is defined for two disjoint entangling regions A1 and
A2 as follows
I(A1, A2) = SA1 + SA2 − SA1∪A2 , (1.5)
where SA1∪A2 is the entanglement entropy for the union of two entangling regions.
Mutual information is a finite and positive quantity for specific entangling regions which mea-
sures the amount of entanglement shared between A1 and A2 regions. It is important to mention
that mutual information diverges when the separation between disjoint regions vanishes and they
share a boundary. In reference [25] it was shown that MI is not only a function of the central charge
1Here locality means a one-to-one correspondence between Hilbert space decomposition and factorization of the
spatial manifold of the QFT.
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Figure 2: Two different configurations for computing S(A1 ∪A2) using RT prescription.
of the corresponding two dimensional CFT rather it depends on the full operator content of the
theory.
On the other hand in the context of holographic CFTs, using the RT prescription it has been
shown that holographic mutual information (HMI) exhibits a first order phase transition due to a
discontinuity in its first derivative [26]. It is believed that this phase transition is a reminiscent of the
large central charge limit of the CFT and it disappears if one considers quantum corrections [27]. The
gravity picture of this phase transition is simply due to a jump between two different configurations
candidate for the minimal surface of the entanglement entropy of the union region SA1∪A2 (see
Fig.1). This figure demonstrates two possible configurations corresponding to the HEE for the
union of two entangling regions. HMI either vanishes or takes a finite value depending on the value
of the ratio between the length of the entangling regions and their separation. It vanishes on one side
of a critical value for this ratio and takes a finite value on the other side. This can be understood
as follows: when the disjoint regions are close enough together there is a finite correlation between
them, but as they get far apart, the mutual correlation decreases and finally vanishes.
In this paper we are mainly considering three dimensional field theories which we expect the
mutual information between infinite strips and disks to be UV-finite. For the case of singular
entangling regions since an extra UV-divergent term appears in the entanglement entropy one should
consider the relevant divergent terms precisely. For a configuration like that in the right panel of
Fig.3, since the singular points are far away from each other one may expect mutual information
to still be a UV-finite quantity because of the extensivity of corner contributions to entanglement
entropy in local field theories [13] which was discussed before. This is not the case when the distance
between these points vanishes like the left panel of Fig.3. In such a case the singular points share
a local region and thus the extensivity of the corner divergent terms breaks down.2 The main part
of this paper is an example of this latter case in section 3. We also investigate an explicit example
of the former case in section 5 to explicitly show the finiteness of mutual information even between
singular regions.
Beside mutual information, similar quantities are also defined to deal with disjoint regions.
Specifically for a system which is composed of at least three disjoint subsystems, another quantity
2We thank Matthew Headrick for referring and specially thank Horacio Casini for an insightful discussion about
this point.
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Figure 3: Right: Two singular entangling regions which their singularities are far away from each
other. The dashed circle denotes the local region responsible for the main UV-divergent part of the
singularity. As long as these points are far from each other, which means their distance d is much
larger than the UV cut-off 1/, they contribute to the entanglement entropy (between the union of
these regions and its complement) extensively. Left: As these two singular regions get closer to each
other (and finally touch), their local regions responsible for the new UV-divergent term intersect
with each other and thus their contribution to entanglement entropy is no more extensive.
which is called tripartite information is defined as [28]
I [3](A1, A2, A3) = SA1 + SA2 + SA3 − SA1∪A2 − SA1∪A3 − SA2∪A3 + SA1∪A2∪A3 , (1.6)
where the Ai’s refer to disjoint entangling regions. Tripartite information for smooth subregions is
known to be a UV-finite quantity. Remember that while we are dealing with two smooth subregions,
if these regions share a boundary the mutual information between them is no longer a UV-finite
quantity. In contrast with mutual information, tripartite information is known to be UV-finite even
when the smooth regions share boundaries [28,29]. Again we show in section 3 that this is not the
case for singular surfaces when the shared boundary is the same as the singular point. This could
be understood as a straightforward generalization of what was explained in Fig.3.
Another important property of tripartite information is the sign of this quantity. In contrast
with mutual information, tripartite information in general may be either negative, positive or zero.
In the holographic context it has been shown that holographic tripartite information has a definite
sign and it is always negative. This property is also known as the monogamy property of HMI [28].
The main goal of this paper is to investigate the holographic mutual and tripartite information
and their possible phase transitions in the presence of a kink or a crease singularity in the entangling
region. Indeed finding the minimal area surface corresponding to the union of entangling regions
is a subtle task. This problem is already only solved analytically for parallel strips or concentric
circles3 as entangling regions [26,30–32]. In particular the authors of [31] have introduced an elegant
numerical method using Surface Evolver to overcome this difficulty. By employing this numerical
technique they could find HMI for various more complicated entangling regions4. Of course here
we do not employ this numerical method. We show that a simple observation can help us to find
the HMI for sectors of a single infinite circle using the result of HEE for a kink entangling region in
three dimensions. We also show that for more general configurations of this type one can calculate
other entanglement measures e.g. holographic tripartite and n-partite information.
The remainder of this paper is organized as follows: in section 2 we briefly review the related
3These concentric circles can be mapped to two disjoint disks using a conformal transformation [31].
4See [33] where the generalization of this method to more general backgrounds is also considered.
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literature on holographic entanglement entropy for singular surfaces. In section 3 we introduce
our geometric set-up and study the holographic mutual, tripartite and n-partite information where
we mainly focus on possible phase transitions of holographic mutual information. In section 4 we
study the possible generalizations of our set-up in section 3 from three dimensional CFTs to higher
dimensions. In section 5 we study mutual information between singular regions without a shared
boundary as an explicit example were the new divergent term is extensive, in contrast with what
was studied in 3 and 4 where we only study singular surfaces with a common singular point. In the
last section beside a summary and some concluding remarks we also discuss about constructing a
finite quantity from mutual information for singular surfaces and also discuss about the first law
of entanglement for such configurations. Appendix A is devoted to a comparison between singular
surfaces in the sharp limit with the well-known results for strip entangling regions. In appendix B we
give some results for the entanglement entropy of a kink in holographic theories with a hyperscaling
violating geometry as their gravity dual.
2 Holographic Entanglement Entropy (revisited)
In this section we shortly review the holographic entanglement entropy for singular surfaces which
has been previously studied in [15,16]. As mentioned in the previous section in a three dimensional
theory only one type of singularity is possible which we refer to it by kink singularity (see the left
panel of Fig.1). Most of the analysis of this paper is devoted to this type of singularity. In higher
dimensions various types of singularities are possible where two specific ones known as crease (see
the right panel of Fig.1) and cone have been studied previously. We will study crease entangling
regions in section 4.5
In order to clarify the definition of these surfaces consider a d dimensional flat space time, i.e.,
R1,d−1, as follows
ds2 = −dt2 + dρ2 + ρ2 (dθ2 + sin2 θ dΩ2n)+ m∑
i=1
dx2i (2.1)
where d = n+m+3 and dΩn corresponds to the metric of unit n-sphere. Following the terminology
of [16] a kink is defined for d = 3 and m = n = 0 which is given by k = {t = 0, 0 < ρ < ∞,−Ω2 ≤
θ ≤ Ω2 }. A crease (k×Rm) is the extension of kink to higher dimensions with n = 0 and d = 3 +m.
In this section we only consider kinks in three dimensions, i.e., m = 0 so the bulk geometry is given
by an AdS4 space-time with the following metric
ds2 =
L2
z2
(
dz2 − dt2 + dρ2 + ρ2dθ2) , (2.2)
where the spatial part of the boundary metric is considered in polar coordinates with ρ and θ as
the radial and azimuthal angle respectively. Also z is the radial coordinate of the bulk geometry.
5We do not consider conical entangling regions in this paper. The interested reader may refer to [16].
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Figure 4: Schematic representation of RT surface for a kink entangling region with opening angle
Ω in a three dimensional CFT.
The kink entangling region in three dimensions is defined as
t = const. , 0 < ρ < H , −Ω
2
≤ θ ≤ Ω
2
, (2.3)
where Ω is the opening angle and H is an IR cut-off on the radial coordinate. Due to the scaling
symmetry on the bulk radial coordinate and the boundary coordinates, it was shown in [15] that
the RT surface in the bulk can be parametrized as z(ρ, θ) = ρ h(θ) such that h(±Ω2 ) = 0. See Fig.4
for a schematic plot of the minimal surface. In this case the HEE functional becomes
S =
L2
2GN
∫ H

h∗
dρ
ρ
∫ Ω
2
−δ
0
dθ
√
1 + h2 + h′2
h2
, (2.4)
where  is the inverse UV cut-off defined by  = ρ h(Ω2 − δ), and h∗ = h(0) is the turning point
of the RT surface in the bulk which is defined where h′(0) = 0 (prime denotes the derivative with
respect to θ).
Applying the standard variational principle leads to the surface which minimizes this functional.
According to Eq.(2.4) where the integrand does not depend explicitly on θ, the corresponding
Hamiltonian is a conserved quantity
H ≡ 1 + h
2
h2
√
1 + h2 + h′2
=
√
1 + h2∗
h2∗
. (2.5)
Using this relation it is an easy task to find the profile of the minimal surface and hence the HEE.
The final result for the HEE is
S(Ω) =
L2
2GN
H

− a(Ω) log H

−
(
piL2
4GNh∗
+ a(Ω) log h∗
)
+O
( 
H
)
, (2.6)
where the function a(Ω) is defined as
a(Ω) =
L2
2GN
∫ ∞
0
dy
[
1−
√
1 + h2∗(1 + y2)
2 + h2∗(1 + y2)
]
, (2.7)
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Figure 5: Left : Ω/pi as a function of the turning point h∗. Right : a as a function of the opening
angle Ω. In both plots the red and violet curves correspond to the small opening angle and smooth
limit, respectively.
and the boundary data (the opening angle Ω) is given in terms of the bulk turning point h∗ as
Ω =
∫ h∗
0
dh
2h2
√
1 + h2∗√
1 + h2
√
h4∗(1 + h2)− h4(1 + h2∗)
. (2.8)
It is interesting to focus on two specific limits where the kink is extremely sharp (Ω→ 0) or it
is a smooth surface which is slightly folded (Ω→ pi). In these two limits one can work out the HEE
analytically as follows [18]:
1) Sharp limit (Ω→ 0)
Ω =
2
√
piΓ(3/4)
Γ(1/4)
h∗ − [3Γ
2(3/4)− Γ(1/4)Γ(5/4)]
6
√
2pi
h3∗ + · · · ,
a(Ω) =
κ
Ω
− L
2
GN
piΓ(1/4)
48
√
2Γ3(3/4)
Ω + · · · ,
S(Ω) =
L2
2GN
H

−
[
L2
2GN
pi3/2Γ(3/4)
Γ(1/4)
+ κ
(
log
H

+ log Ω + log
2Γ(5/4)√
piΓ(3/4)
)]
1
Ω
+ · · ·
∼ L
2
2GN
H

− κ
Ω
(
log
H

+ log Ω
)
+ · · · ,
(2.9)
where κ = L
2
2piGN
Γ4(3/4). Note that assuming Ω  H we will neglect the last term in the above
expression for the HEE in the following discussion.
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2) Smooth limit (Ω→ pi)
Ω = pi − pi
h∗
+ · · ·
a(Ω) = σ(pi − Ω)2 + · · · ,
S(Ω) =
L2
2GN
H

− L
2
2GN
pi − Ω
2
− σ
(
log
H

− log
(
1− Ω
pi
))
(pi − Ω)2 + · · · ,
(2.10)
where σ = L
2
8piGN
.
Fig.5 demonstrates the behavior of Ω(h∗) and a(Ω). In this figure we also included the above
asymptotic results which coincide with the exact results in a wide range of opening angles. Note
that in this figure we have set L
2
2GN
= 1.
3 Holographic Entanglement Measures (d = 3)
In this section we aim to study holographic entanglement measures with our main focus on holo-
graphic mutual information between kink entangling regions in three dimensions. As mentioned in
the introduction section the main subtlety to compute quantities such as mutual information is how
to compute the last term in Eq.(1.5). The core of our idea is to consider the set of kinks in interest
as sectors of an infinite circle (see Fig.6 and Fig.12). In such a configuration the holographic en-
tanglement entropy of a union of two kink entangling regions can be expressed in terms of minimal
surfaces anchoring to certain kinks on the boundary. See Fig.7 and Fig.13 for schematic graphical
visualizations.
3.1 Holographic Mutual Information
In this subsection we study the holographic mutual information for the specific configuration men-
tioned above. The entangling regions are sectors of a single infinite circle with opening angles Ω1
and Ω2. These entangling regions touch each other at a single point which is the center of the
infinite circle. We denote the angular separation between these regions with ω (see Fig. 6). Note
that for a bipartite entangling region there are always two sectors in-between Ω1 and Ω2 sectors
which we define ω to be the minimum value of the opening angle between these two sectors. By
this definition the value of ω is restricted to 0 ≤ ω ≤ pi − (Ω1 + Ω2) /2. We will consider regions
with no angular overlap thus we will always assume Ω1 + Ω2 + ω < 2pi.
Considering such entangling regions, from Eq.(1.5) one finds the mutual information between
these sectors as
I(Ω1,Ω2) = SΩ1 + SΩ2 − SΩ1∪Ω2 . (3.1)
The first two terms in the above equation are easy to compute and the main challenge is to find
the suitable expression for the last one, i.e., SΩ1∪Ω2 . Indeed there are two different configurations
which are competing for the value of this term. These two configurations which we denote them
9
Ω1
ω
Ω2
Figure 6: The configuration of a bipartite entangling region. Ωi’s are the opening angles and ω is
the angular separation and the radial coordinate which runs over 0 ≤ ρ <∞.
.
.
Ω2
Ω1
.
.
Ω1 + ω +Ω2
ω
Figure 7: Schematic representation of the RT surfaces corresponding to SΩ1∪Ω2 for disconnected
(left) and connected (right) configurations.
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Figure 8: Left : Comparing the contributions of connected (solid curve) and disconnected (dashed
curve) configurations to the universal part of HEE with Ω = pi4 . Middle: The coefficient of the
universal part of HMI as a function of ω for Ω = pi4 . Right : The coefficient of the universal part of
HMI as a function of Ω for ω = pi4 .
by “connected” and “disconnected” configurations are shown schematically in Fig.7. According to
this figure the value of SΩ1∪Ω2 is given by one of the following expressions
SΩ1∪Ω2 =
SΩ1+Ω2+ω + Sω (≡ Scon.) ω  {Ω1,Ω2}SΩ1 + SΩ2 (≡ Sdis.) ω  {Ω1,Ω2} (3.2)
depending on the value of three parameters Ω1, Ω2, and ω. Note that the contribution of the
disconnected configuration is independent of the value of ω. As we will see our numerical results
show that there is always a transition between connected and disconnected configurations varying
the values of these parameters.
In order to simplify our calculations, we restrict the following discussion to the case of equal
opening angles, i.e., Ω1 = Ω2 = Ω. In this case we can find a simple explicit expression for HMI
which is given by
I = 2S˜Ω −min{2S˜Ω, S˜2Ω+ω + S˜ω},
S˜Ω = −a(Ω) log H

−
(
piL2
4GNh∗(Ω)
+ a(Ω) log h∗(Ω)
)
,
S˜ω = −a(ω) log H

−
(
piL2
4GNh∗(ω)
+ a(ω) log h∗(ω)
)
,
S˜2Ω+ω = −a(2Ω + ω) log H

−
(
piL2
4GNh∗(2Ω + ω)
+ a(2Ω + ω) log h∗(2Ω + ω)
)
. (3.3)
In Fig.8 we have summarized the behavior of the universal part of HMI in this simple set-up.
In the left plot the contributions of connected and disconnected configurations to the universal part
of HEE for a fixed opening angle are compared. These quantities are defined as follows
adis. = 2aΩ, acon. = a2Ω+ω + aω. (3.4)
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Figure 9: Density plot of the universal part of HMI for regions with equal opening angles. The
dashed green curve which is simply a guide to the eye is the transition curve and the dashed red
boundary is 2Ω + ω < 2pi constraint. The white region below this boundary corresponds to the
divergence of HMI in the small separation limit.
In the middle and right plots we have demonstrated the universal part of HMI which is defined as
aI = −adis. −min{−adis.,−acon.} (3.5)
as a function of ω and Ω respectively. According to these plots by fixing the opening angles and
increasing the separation between the regions the HMI vanishes. Also Fig.9 is a density plot which
shows the behavior and transition points of the universal part of HMI. It is not hard to show that
the area divergent contributions to HMI cancel out and the remaining -dependence is logarithmic.
Now we can further investigate the transition curve of the HMI in the parameter space. Such a
curve is supposed to satisfy
2SΩc = S2Ωc+ωc + Sωc , (3.6)
which depends on . One can easily check that as  → 0, solutions of Eq.(3.6) merge to a cut-off
independent curve which we call the universal transition curve for HMI. This universal curve is the
solution of
2aΩU = a2ΩU+ωU + aωU , (3.7)
where the logarithmic UV divergence of HMI cancels out. The universal transition curve is shown
by a solid red curve in Fig.10, where the dotted orange line corresponds to the boundary of the
ω + Ω ≤ pi constraint which was mentioned previously.
In order to further explore the HMI for such configurations, we focus on the sharp kink and the
slightly folded limits where we are able to give analytical expressions for HEE and thus HMI.
(i) Sharp limit {ω, Ω}  1:
12
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Ωc/π,ΩU /π
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0.8
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Figure 10: The solid red curve shows the universal transition curve for HMI. HMI is non zero
(positive) below the universal transition curve which is bounded from the other side by the boundary
of the geometrical constraint ω + Ω ≤ pi shown by the dashed orange curve.
In this case combining Eq.(2.9) and Eq.(3.3) leads to
I = −2κ
Ω
log
H

+ min
{
2
Ω
,
1
2Ω + ω
+
1
ω
}
κ log
H

=

(
− 2Ω + 12Ω+ω + 1ω
)
κ log H ∼ κω log H ω  Ω 1
0 Ω ω  1.
(3.8)
Actually this final result can be understood considering a conformal map relating the corner geom-
etry to a strip (see appendix A of [16]). This conformal map is given by
t = Le
Y
L cos ξ , ρ = Le
Y
L sin ξ, (3.9)
and the entangling region (2.3) in the new geometry becomes
ξ =
pi
2
, Y− < Y < Y+ , −Ω
2
≤ θ ≤ Ω
2
, (3.10)
where Y+ = L log
H
L and Y− = L log

L . Now by making use of the HEE for a strip the mutual
information for two parallel strips with width ` and separation x is given by [30,34]
I =
κ(Y+ − Y−)
(
−1` + 12(2`+x) + 12x
)
x `
0 x `
, (3.11)
where Y± are the regulator scales for the length of the strip. In the small opening angle limit , i.e.,
{Ω, ω}  1, one finds ` ≡ ΩL L and x ≡ ωL L and the above expression reduces to Eq.(3.8).
Also note that in x ` limit only the last term contributes.
(ii) Smooth limit ω ∼ 0, Ω ∼ pi, Ω + ω = pi:
13
Figure 11: Density plot of the universal part of HMI for ω = pi12 (left) and ω =
pi
6 (right). The
dashed red curve is the boundary of the Ω1 + Ω2 + 2ω < 2pi constraint.
In this case the fact that we always consider a pure state requires that S2Ω+ω = S2pi−ω = Sω so
Eq.(3.3) becomes
I = 2SΩ − 2 min{SΩ, Sω}. (3.12)
Using Eq.(2.10) and Eq.(2.9) for SΩ and Sω respectively the HMI at the leading order reduces to
I = − L
2
2GN
ω −min
{
− L
2
2GN
ω,−2κ
ω
log
H

}
∼ 2κ
ω
log
H

. (3.13)
In order to investigate the behavior of HMI in this singular configuration more generally, we
consider the case where the opening angles of the entangling regions are not equal, i.e., Ω1 6= Ω2.
Fig.11 demonstrates the density plot of the universal part of HMI for different values of ω as a
function of entangling opening angles. These plots show the transition points of this quantity and
also regions with non-vanishing HMI.
3.2 Holographic Tripartite Information
In this section we study the holographic tripartite information between kink entangling regions
which are sectors of a single infinite circle. Tripartite information is defined as follows
I [3](A1, A2, A3) = SA1 + SA2 + SA3 − SA1∪A2 − SA1∪A3 − SA2∪A3 + SA1∪A2∪A3 , (3.14)
where the Ai’s are entangling regions, which in our case are sectors of a single infinite circle with
opening angles Ωi, i = 1, 2, 3 and angular separation ωj , j = 1, 2. Again we have excluded the
maximum opening angle between three different choices to define ωj ’s (see Fig.12). In order to
avoid the overlap between different regions we assume
∑
ij(Ωi + ωj) < 2pi. Again as in the case
of mutual information we reduce the parameter space from five independent parameters to two by
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Figure 12: The configuration of a tripartite entangling region for computing tripartite information,
Ωi’s are the opening angles and ωi’s are the two smaller angular separations between them. The
radial coordinate runs over 0 ≤ ρ <∞.
considering the simplest case with Ωi = Ω, ωi = ω.
Here the main challenge to calculate holographic tripartite information is finding the minimal
area for the union of subsystems. Similar to what we did in the previous subsection, here we can find
the relevant configurations for the entanglement entropies appearing in Eq.(3.14) as minimal surfaces
of kink entangling regions with certain opening angles. These configurations are schematically
plotted in Fig.13. In the extreme cases the minimal configurations are
SΩ2∪Ωi =
S2Ω+ω + Sω
(
≡ S(1)dis.
)
ω  Ω
2SΩ
(
≡ S(2)dis.
)
ω  Ω
(3.15)
for i = 1, 3 and
SΩ1∪Ω3 =
2SΩ
(
≡ S(2)dis.
)
ω  Ω
S3Ω+2ω + SΩ+2ω
(
≡ S(3)dis.
)
ω  Ω
(3.16)
and for the case of union of three subsystems
SΩ1∪Ω2∪Ω3 =

S3Ω+2ω + 2Sω ≡ Scon. ω  Ω
S2Ω+ω + SΩ + Sω ≡ S(4)dis. ω  Ω
3SΩ ≡ S(5)dis. ω  Ω
S3Ω+2ω + SΩ+2ω + SΩ ≡ S(6)dis. ω  Ω
. (3.17)
One can calculate the tripartite information by making use of Eq.(2.6) together with Eq.’s(3.14),
(3.15), (3.16) and (3.17). It is easy to check that the area law divergences cancel out in tripar-
tite information but the logarithmic divergences does not cancel out and the resultant tripartite
information is UV-divergent. This could be understood as a straightforward generalization of what
was explained in the introduction section below Fig.3 and where we referred to it. As an explicit
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Figure 13: Schematic representation of RT surfaces corresponding to SΩ1∪Ω2∪Ω3 for computing the
holographic tripartite information.
example we have plotted the universal part of this quantity i.e. aI[3] , in Fig.14 (This universal part
is defined similar to Eq.(3.5) but using the definition of tripartite information). Fig.15 also shows
the density plot of this quantity. According to these plots the holographic tripartite information in
this singular set-up is negative as expected. Using the small opening angle expansion {Ω, ω} → 0
one can also study the behavior of tripartite information semi-analytically. In this case one finds
I [3](Ω, ω) =
− κ3Ω log H ω  Ω0 ω  Ω , (3.18)
which the final result still depends on the inverse UV cut-off . In order to derive this result we use
the similar analysis as in deriving Eq.(3.8). This behavior is in contrast with the well-known feature
of tripartite information in the literature, which is thought to be finite even when the regions share
boundaries [28]. See appendix A for some details about the finiteness of tripartite information for
smooth entangling regions in various dimensions.
3.3 Holographic n-partite Information
In this section we generalise our previous study to the case of holographic n-partite information.
This quantity is a simple generalization of mutual and tripartite information to systems consisting
of n disjoint subsystems. The definition of n-partite information is as follows [28]
I [n](A{i}) =
n∑
i=1
SAi −
n∑
i<j
SAi∪Aj +
n∑
i<j<k
SAi∪Aj∪Ak − · · · · · · − (−1)nSA1∪A2∪···∪An , (3.19)
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Figure 14: Universal part of the holographic tripartite information for Ω = pi6 (left) and ω =
pi
4
(right) with H = 1.
where for n = 2 and n = 3 it reduces to the definition of mutual and tripartite information.6
This quantity is finite and in a general quantum system it can be either negative, positive or zero.
Holographic computations show that in certain limits it has a definite sign, positive (negative) for
even (odd) n [34].
In order to simplify the computations we only consider the case where all the opening angles and
separations between them are equal, i.e., Ω1 = Ω2 = · · · = Ωn ≡ Ω and ω1 = ω2 = · · · = ωn−1 ≡ ω.
For such a choice similar to the case of mutual information and tripartite information we have a
geometric constraint Ω + ω < 2pi/n. Actually the analysis for finding the n-partite information in
this singular set-up is very similar to the case of strip entangling regions [34] so we just demonstrate
the final results (similar analysis for computing HEE for multiple strips has been done in [35]). The
simplest example is n = 4 which corresponds to 4-partite information. Fig.16 shows the behavior of
the universal part of holographic 4-partite information as a function of Ω and ω. Also in the small
opening angle limit {Ω, ω} → 0 one finds
I [4](Ω, ω) =
 κ12Ω log H ω  Ω0 ω  Ω . (3.20)
One can also find the small angle expression for the holographic n-partite information for generic n
as follows 7
I [n](Ω ∼ 0, ω ∼ 0) =
(−1)n 2κn(n−1)(n−2)Ω log H ω  Ω0 ω  Ω . (3.21)
The above result shows that in this specific construction, considering small separation angles, the
holographic n-partite information has a definite sign, i.e., it is positive (negative) for even (odd) n.
6Actually the generalisation to generic n is not unique, but we choose this definition to reproduce the tripartite
information for n = 3. Other definition e.g., multipartite-information does not satisfy this constraint [36].
7Note that similar to previous cases, in order to avoid the overlap between different regions we assume
∑
ij Ωi+ωj <
2pi where i = 1, · · · , n and j = 1, · · · , n− 1.
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Figure 15: Density plot of universal part of the holographic tripartite information for regions with
equal opening angles. The dashed red boundary corresponds to Ω + ω < 2pi3 constraint.
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Figure 16: Universal part of the holographic 4-partite information for Ω = pi6 (left) and ω =
pi
6
(right) with H = 1.
Note that using the conformal map which is given by Eq.(3.9) and the result of n-partite information
for a set of strips with equal width ` and separation x, considering the `  x limit (see [34]) one
can reproduce the above result.
4 Holographic Entanglement Measures in Higher Dimensions
In this section we generalise our studies to higher dimensional cases in a specific direction where
the entangling region is a crease, i.e., k×Rm (see the right panel of Fig.1). To do so we first review
the computation of HEE for crease entangling regions and continue with computing the holographic
mutual and tripartite information for this generalization of the specific configurations we considered
in the previous section. The HEE of such entangling regions has been studied in [16].
The dual geometry we consider here is an AdSd+1 space-time with the following metric in
18
2 4 6 8 10
h*
0.2
0.4
0.6
0.8
Ω/π
d=4
d=5
d=6
0.2 0.4 0.6 0.8
Ω/π
-4
-3
-2
-1
j(Ω)
d=4
d=5
d=6
Figure 17: Left : Ω/pi as a function of the turning point h∗ in different dimensions. Right : j as a
function of the opening angle Ω in different dimensions.
cylindrical coordinates which is the specific case of n = 0 and m = d− 3 of Eq.(2.1)
ds2 =
L2
z2
(
dz2 − dt2 + dρ2 + ρ2dθ2 +
d−3∑
i=1
dx2i
)
. (4.1)
We are interested in the following entangling region
t = const. , 0 < ρ < H , −Ω
2
≤ θ ≤ Ω
2
, 0 < xi < H˜, (4.2)
where both H and H˜ are IR regulators. Due to the symmetries we assume z = z(ρ, θ), thus the
HEE functional becomes
S =
Ld−1H˜d−3
4GN
∫
dρdθ
√
z˙2 + ρ2 + ρ2z′2
zd−1
, (4.3)
where z′ = ∂ρz and z˙ = ∂θz. Similar to the three dimensional case, using the scaling symmetry,
here we consider z(ρ, θ) = ρ h(θ) and find a conserved quantity as follows [16]
Hd ≡ (1 + h
2)
d−1
2
hd−1
√
1 + h2 + h′2
=
(1 + h2∗)
d−2
2
hd−1∗
. (4.4)
Using this equation the opening angle Ω is related to the turning point as
Ω =
∫ h∗
0
dh
2Hdhd−1√
1 + h2
√
(1 + h2)d−2 −H2dh2(d−1)
. (4.5)
The HEE could be found as
S =
Ld−1H˜d−3
2GN
[
H
(d− 2)d−2 +
j(Ω)
(d− 3)d−3
]
+O(), (4.6)
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Figure 18: Normalized holographic mutual (left) and tripartite (right) information in various spatial
dimensions for Ω = pi4 .
where
j(Ω) =
∫ 0
h∗
dh hd−3J(h)− 1
h∗
, J(h) =
√
1 + h2 + h′2
h′hd−1
+
1
hd−1
, (4.7)
noting that h′ is determined in terms of h and h∗ via Eq.(4.4). Eq.(4.6) shows that the logarithmic
divergent term in the previous section was a reminiscent of three dimensional field theory and in
higher dimensions a new power law divergent term appears. It is important to note that this new
power law divergence, i.e., −(d−3) does not appear if we consider smooth entangling regions. It is
known from reference [16] that this behavior is due to adding a flat locus, i.e., Rm to the kink k.
Fig.17 demonstrates the behavior of Ω(h∗) and j(Ω) in higher dimensions. From this plot one can
deduce that j(Ω) vanishes in the smooth limit as expected.
Having the expression for the HEE, in principle we can compute the mutual information Eq.(1.5)
between higher dimensional creases holographically. The subtlety of finding the minimal surface
for union of the creases arises again in this case. The difficulty is similar to what happens while
dealing with multi-strip entangling regions in higher dimensions. Remember that for a line segment
entangling region in a two dimensional theory, the corresponding RT surface is a semi-circle (s1) in
an AdS3 geometry. While we are dealing with an infinite strip in AdSd+1, the corresponding RT
surface is s˜1 ×Rd−2 where s˜ refers to a modified semi-circle [12]. Using this simple generalization,
the authors of [30] have found the HMI for strip entangling regions in higher dimensions. However
it is not possible to imagine the embedding of the corresponding RT surface for SA1∪A2 in the bulk
for d > 3. In the case of our study, where we generalize a kink k in d = 3 to a crease k × Rd−3 in
higher dimensions, again there is enough symmetry leading to a conserved quantity (see Eq.(4.4)).
So we expect that the corresponding RT surfaces for computing the HEE for union of crease regions
are just simple generalisation of three dimensional case. Note that for disk or spherical entangling
regions this procedure does not work any more [31]. This makes us to conclude that if we had
considered a cone (instead of a crease) as a generalization of a kink in three dimensions, it would
be impossible to construct the corresponding RT surfaces analytically.
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Now using the above argument one can find the HMI in our set-up when the opening angles
and separation angle are given by Ω1, Ω2 and ω respectively. Doing so the area law divergences
trivially cancel out in the expression of HMI and we are left with
I(Ω1,Ω2) =
Ld−1H˜d−3
2GN
[j(Ω1) + j(Ω2)−min {j(Ω1) + j(Ω2), j(Ω1 + Ω2 + ω) + j(ω)}] 1
(d− 3)d−3 .
(4.8)
In order to simplify the computations we only consider the equal opening angle case, where the
resultant HMI is plotted in Fig.18 for various spatial dimensions. In this figure we have plotted a
normalized holographic mutual information defined as I˜ = (d− 3)d−3I. This figure shows that the
transition always exists, however it depends on UV cut-off similar to the three dimensional case.
Similar analysis can be done in the case of holographic tripartite information, see Fig.18. Also note
that in order to plot this figure we have set L
d−1H˜d−3
2GN
= 1.
5 Mutual Information Between Sharp Concentric Circles
In the previous sections we studied some entanglement measures including mutual information for
configurations which the entangling regions had a common point which was the same as their singular
point. We argued in the introduction section (see the caption of Fig.3 and where we referred to it)
that for such configurations we do not expect mutual information and even tripartite information to
be UV-finite quantities. What if we study e.g. mutual information between singular surfaces which
do not share a boundary? In such a case we expect the result to be again a UV-finite quantity.
In this section we are going to explore another explicit example for mutual information between
singular surfaces in holographic three dimensional conformal field theories. We aim to provide
evidence for UV cut-off independence of the mutual information in three dimensions between two
singular regions without a common boundary.
Consider two entangling regions A and B separated by an annular region again in the vacuum
state of a three dimensional CFT. Region A is a disk with radius R− and B is the outer region
(complement) of a larger disk with radius R+ (see left panel of Fig.19). Mutual information for
such a configuration has been studied in details for certain field theories and also for holographic
field theories in [32]. It would be interesting to consider a slight deformation on the annular region
in-between these regions such that it brings in two corners for each entangling region with the same
opening angle (see the right panel of Fig.19). The question is whether the mutual information
between A and B is still cut-off dependent as a result of the corners appeared perturbatively or
not?
We again start with an AdS4 space-time in the Poincare patch as the holographic dual of the
three dimensional CFT
ds2 =
1
z2
(−dt2 + dz2 + dρ2 + ρ2dφ2) (5.1)
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Figure 19: Left: Regions A and B which are separated by an annular region. Right: Deformation
of the annular region with two singular points at the poles.
and consider the boundary of the entangling regions defined as
t = const. , ρ = R± , 0 ≤ φ < 2pi.
Following the method developed to consider generic perturbations on a spherical entangling region
in [37,38] and also [23] where the entanglement entropy of a particular choice of such deformations
is analysed, we consider the following perturbations on the boundaries of the entangling region
ρ±(φ)
R±
=
1− δ sin (nφ) 0 ≤ φ < pi1 + δ sin (nφ) pi ≤ φ < 2pi (5.2)
where n is a positive integer number controlling the geometry of the perturbed entangling region and
δ is a small parameter controlling the perturbation. Such a generic perturbation makes it possible
to study various types of entangling regions but since we are interested in the specific deformation
illustrated in the right panel of Fig.19, from now on we restrict our analysis to the case n = 1.
In order to study the entanglement entropy holographically for such deformed regions and
thus compute the mutual information between them, we consider a minimal surface in the bulk
parametrized as ρ(z, φ). The induced metric on such an extended surface in the bulk geometry is
A =
∫
dzdφ
1
z2
√
ρ2
(
1 + ρ′2
)
+ ρ˙2 (5.3)
where prime and dot indicate differentiation with respect to z and φ respectively. The above
functional could be minimized up to O (δ2) via
ρ(z, φ) = ρ0(z) + δρ1(z) sinφ+ δ
2 [ρ20(z) + ρ22(z) cos (2φ)] , (5.4)
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Figure 20: Perturbed minimal surfaces versus unperturbed surfaces for R− = 0.8, R+ = 1, φ = pi/2.
The blue dashed curve represents the connected minimal surface and the dashed green ones represent
the disconnected minimal surface for δ = 0. The red and orange curves represent the connected
and disconnected minimal surfaces for δ = 0.05.
where ρ0(z), ρ1(z) and ρ20(z) must satisfy the following equations
0 = z
(
1 + ρ′0
2
)2
+ ρ0
(
2ρ′0 + 2ρ
′
0
3 − zρ′′0
)
0 = 2ρ0
(
ρ0 + zρ
′
0 + 3ρ0ρ
′
0
2
)
ρ′1 − zρ20ρ
′′
1
0 = ρ′0
2
ρ21
(
z + ρ0ρ
′
0
)− zρ0ρ1ρ′0ρ′1 − 12ρ20 (z + 6ρ0ρ′0) ρ′12 + zρ0 (1 + ρ′02) ρ20
− 2ρ20
(
ρ0 + zρ
′
0 + 3ρ0ρ
′
0
2
)
ρ′20 + zρ
3
0ρ
′′
20.
(5.5)
The solution for the first equation is known to be ρ0(z) = ±
√
R2 − z2 for two symmetric
branches. Note that we have ignored ρ22(z) function since it is shown in [38] that it does not
contribute to the first non-trivial correction in entanglement entropy.
To calculate the mutual information between A and B we have to solve the above equations
to find SA, SB and SA∪B. To compute SA∪B we must consider both connected and disconnected
configurations which may contribute. By disconnected configurations we mean two minimal surfaces
which end on the deformed disks ρ±(φ) which is already considered while we have found SA and
SB. On the other hand the connected configuration is the minimal surface starting from ρ+(φ)
and ending on ρ−(φ). Note that the unperturbed connected configuration is also found analytically
in [31]. We have solved Eq.(5.5) numerically up to O (δ2) for functions ρ0(z), ρ1(z) and ρ20(z) which
contribute to the correction of entanglement entropy at first non-trivial order of the sharpness.
In our numerical analysis we have considered R− = 0.8, R+ = 1, δ = 0.05 and we have briefly
reported the numerical results in Fig.20 and Fig.21. In Fig.20 we have plotted minimal surface
profiles of such a configuration in a constant-φ slice. The profiles are found by the perturbation
theory which is organized such that the turning point of the minimal surfaces are always unchanged
(z∗ = .8 for R− and z∗ = 1 for R+). In this figure we have compared the profiles for δ = 0
and δ = 0.05 at φ = pi/2 slice which has the maximum separation between the perturbed and
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Figure 21: Left: The mutual information for the same parameters as a function of . The dashed
green line represents the mean value for mutual information. Right: Contribution of the sharpness
to mutual information which is normalized by the mean value of mutual information as a function
of . This shows that the sharpness contribution is independent of the UV cut-off for about 95%.
We have set R− = 0.8, R+ = 1 and δ = 0.05.
unperturbed profiles. Note that from the right panel of Fig.19 it is obvious that the maximum
separation between the deformed and undeformed configurations happens at φ = pi/2 and φ = 3pi/2
and they coincide at φ = 0, pi. We have computed the mutual information for such configurations
and studied its dependence on the inverse UV cut-off . As we expected our numerical results show
that mutual information is independent of the cut-off for about 95%. In the left panel of Fig.21 we
have plotted the mutual information for various values of inverse UV cut-off . In the left panel we
have plotted ∆I ≡ Iδ − I0 normalized by the numerical value of Iδ which shows deviation between
0− 5%.
In summary in this section we have considered two singular regions which their singularities are
apart from each other. We have numerically analysed a specific configuration which the opening
angles are equal to each other (see the right panel of Fig.19). It is shown that the mutual information
is independent of the UV cut-off to a great precision. As we have explained in the introduction
section, because of the extensivity of the coefficient of the logarithmic divergent term, we expect
such an independency even for configurations which the opening angle of the singularities are not
the same but the singularities are still apart from each other.
6 Conclusions and Discussions
In this paper we have mainly studied corner contributions to certain holographic entanglement
measures e.g. mutual and tripartite information for three dimensional CFTs. We have considered
two different kinds of singular geometries i.e. a set of disjoint sectors of a single infinite circle
(cake slices) which have a contact point and also two sharp concentric circles which are completely
disjoint. In particular one of our goals was to explore the role of a singular contact point on the
behavior of the corresponding holographic mutual information.
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In the case of cake slice entangling regions using the previous results for holographic entan-
glement entropy for a kink we studied holographic mutual information. We have shown that the
corresponding HMI is divergent which is due to the common local region shared among these regions
near the contact point. Although the resultant HMI was divergent, our analysis revealed that it
exhibits a first order phase transition. In this set-up we also studied the holographic tripartite infor-
mation which is divergent in contrast with the well-known feature of tripartite information, which is
finite even when the subsystems share boundaries. Generalizing these results to higher dimensional
holographic CFTs we have explored similar behaviors for mutual and tripartite informations.
In the case of two sharp and completely disjoint concentric circles, by performing a numerical
study we have found a finite holographic mutual information. Our numerical results show that
mutual information is independent of the UV cut-off with a great accuracy. Comparing this result
with the HMI for cake slice entangling regions we conclude that a divergent HMI is a reminiscent of
the contact point (infinite local correlations) and it does not have anything to do with the geometric
singularity.
In the following of this section we discuss about some aspects of other entanglement measures
associated to a singular surface. We will focus in the first set-up, i.e., cake slice entangling regions
which may help us to gain more insights into certain singular surfaces having a contact point.
A Universal Measure
In reference [39], the authors have introduced a c-function in three dimensional CFTs by means of
the mutual information between concentric disks as
C(R) = lim
a→0
1
4pi
(
R
∂I
∂R
− I
)
, (6.1)
where a is the difference between the radii of the disks (see left panel of Fig.22). In the a → 0
limit these two disks coincide and they have a common boundary (which leads to infinite MI). As
we have shown in section 3, the HMI between sectors of an infinite circle with a contact point at
the center of the circle is UV cut-off dependent and thus it is not universal. An important question
about such configurations is whether there is any universal measure which we can use for example
instead of mutual information and obtain the same physical information?
One may consider a similar set-up to what is done for co-centric disks in the vanishing limit
of their separation for our configuration. See the right panel of Fig.22 for a visualization. It is
important to note that in the limit where the entangling regions are slightly bended, Ω → pi and
ω → 0, our entangling regions share boundary which has a similar structure as in [39]. We define a
new quantity from mutual information as
I = lim
ω→0
ω
2
(
ω
∂I
∂ω
+ I
)
, (6.2)
which captures a universal phase transition. Using the expressions for sharp Eq.(2.9) and smooth
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Figure 22: Left: The configuration for the mutual information between the disk of Radius R−
and the complement of a disk with radius R+ which is used in [39] to define a c-function in three
dimensions in the a → 0 limit. Right: A similar configuration to concentric disks for singular
surfaces in the ω → 0 limit for contacting kinks.
Eq.(2.10) limits one can easily show that at the leading order I ≈ κ. It would be interesting to
further investigate such a quantity and even try to check whether it satisfies the requirements of a
c-function.
First Law of HEE and Modular Hamiltonian
According to the first law of entanglement entropy the variation of the entanglement entropy at
leading order is equal to the variation of the modular Hamiltonian, i.e., ∆S = ∆〈Hmod.〉 [40]8.
The modular Hamiltonian is a non-local quantity which is defined in terms of the reduced density
matrix as Hmod. ∼ − log ρred.. In general the computation of this quantity is not an easy task due
to its non-locality. However, there are special cases where the modular Hamiltonian becomes local
e.g. for spherical entangling regions [43]. In this case one can find an exact expression for H in
terms of an integral over T00 (the time-time component of the stress tensor). This shows that using
the first law for EE one may extract some perturbative information about the structure of modular
Hamiltonian for more general entangling regions. For example the authors of [40] have used the first
law to show that in addition to T00 other spatial components of stress tensor e.g. Tii also contribute
to the modular Hamiltonian for strip entangling regions.
In order to find the leading variation of the HEE for a kink entangling region in a three-
dimensional holographic CFT we consider an excited state dual to a black-brane back-ground with
the following metric
ds2 =
L2
z2
(
dz2
f(z)
− f(z)dt2 + dρ2 + ρ2dθ2
)
, f(z) = 1−mz3. (6.3)
In this case one may solve the resultant equations for the minimal surface for small entangling
8See also [41,42].
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Figure 23: Variation of HEE between the ground state (pure AdS) and thermal state (AdS black-
brane) in the small opening angle limit for H = 1 and m = 0.1.
regions, i.e., mh3∗  1. In Fig.23 we have presented the Ω-dependence of ∆S in small opening angle
limit. We expect that this result may help to more investigate corner contributions to modular
Hamiltonian which is a nonlocal quantity.
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A Holographic Tripartite Information Between Strips
In this section we aim to show that the holographic prescription of entanglement entropy leads to
finite tripartite information even for the case when the disjoint regions merge together and share
boundaries. Here we consider an entangling region composed of three disjoint infinite strips (three
disjoint segments in a 2-dim field theory) with lengths `i where i = 1, 2, 3. These are separated with
h1 and h2 as in Fig.24. The tripartite information in this case for a two dimensional field theory by
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`1 h1 `2 h2 `3
Figure 24: Entangling region with three disjoint parts.
definition is given by
I(3) = log
`1`2`3
3
−min
{
log
`1`2
2
, log
(`1 + `2 + h1)h1
2
}
−min
{
log
`2`3
2
, log
(`2 + `3 + h2)h2
2
}
−min
{
log
`1`3
2
, log
(`1 + `2 + `3 + h1 + h2)(`2 + h1 + h2)
2
}
+ min
{
log
`1`2`3
3
, log
`3(`1 + `2 + h1)h1
3
, log
h1h2(`1 + `2 + `3 + h1 + h2)
3
,
log
`1(`2 + `3 + h2)h2
3
, log
`2(`1 + `2 + `3 + h1 + h2)(`2 + h1 + h2)
3
}
.
(A.1)
There are several cases where this configuration of entanglig regions may share boundaries. By
shared boundary we mean that the separation between disjoint subregions ‘vanishes’. Here ‘vanishes’
precisely means it tends to the value of . If we consider the entangling regions on a periodic spatial
direction, then we denote the spacing between the first and third segments by h3. Now there may
be several configurations among hi’s where one, two or even all of them ‘vanish’. In the following
we consider two of these configurations. In the first one h1 ‘vanishes’ while h2 is finite. The case
where h2 ‘vanishes’ and h1 is finite could be obtained by a permutation in the indices. In the second
case we consider both h1 and h2 ‘vanish’.
Case 1: Consider `1 and `2 regions to share a boundary, in other words h1 → . In this
case together with assuming h2, `i  , one can easily check that the above expression for two
dimensional field theory gives
I(3) = log
`2(`1 + `2 + `3 + h2)
(`1 + `2)(`2 + `3 + h2)
, (A.2)
which is independent of the inverse UV cut-off  as expected. Note that this is in contrast with what
happens to mutual information of two disjoint regions in the limit where their distance ‘vanishes’
which is UV cut-off dependent as
I = log
`1`2
(`1 + `2)
+ log
1

. (A.3)
A direct generalization of this case to d > 2 is straightforward where we have to consider infinite
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strips instead of a line segment. For d > 2 holographic field theories one can again work out the
value of I(3) in the above configuration analytically. For simplicity we consider `1 = `2 = `3 ≡ `
which leads to
I(3) = − R
d−1
4Gd+1N
· 2
d−1
d− 2 ·
pi
d−1
2
`d−2
·
Γ
(
d
2(d−1)
)
Γ
(
1
2(d−1)
)
d−1 · fd (A.4)
where
fd =
1 + 3
2−d − 23−d hd−22
(
2d−1 − 1) < (2`)d−2(
`
h2
)d−2 − 1 + 32−d − 22−d hd−22 (2d−1 − 1) ≥ (2`)d−2 . (A.5)
Again note that the mutual information of two infinite strips when their separation ‘vanishes’ is
again a UV cut-off dependent quantity as
I =
Rd−1
4Gd+1N
· 2
d−1
d− 2 ·
pi
d−1
2
d−2
·
Γ
(
d
2(d−1)
)
Γ
(
1
2(d−1)
)
d−1 +O (0) . (A.6)
Case 2: One can easily find the result where both h1 and h2 ‘vanish’ simultaneously from the
results of case 1 for holographic field theories. For the case of d = 2 one can easily check that the
tripartite information is again a UV cut-off independent quantity as
I(3) = log
`2(`1 + `2 + `3)
(`1 + `2)(`2 + `3)
, (A.7)
and for the case of d > 2 it becomes
I(3) = − R
d−1
4Gd+1N
· 2
d−1 (1 + 32−d − 23−d)
d− 2 ·
pi
d−1
2
`d−2
·
Γ
(
d
2(d−1)
)
Γ
(
1
2(d−1)
)
d−1 (A.8)
B Hyperscaling-violating Geometries
In this appendix we generalise our studies to theories with a hyperscaling-violating geometry as
a gravity dual. The HEE for a singular entangling region in this geometry has been previously
studied in [20]. Here we explore holographic mutual information in specific examples of this kind
of backgrounds. As in section 3 we only consider crease entangling regions and set the dynamical
critical exponent z = 1. The metric for a hyperscaling-violating geometry in four dimensions is
given by [44]
ds2 =
1
z2−θ
(
dz2 − dt2 + dρ2 + ρ2dφ2) , (B.1)
where θ is the hyperscaling violating exponent and due to the null energy condition it must satisfy
either θ ≥ 2 or θ ≤ 0 [45]. Also in order to avoid gravitational instabilities we only consider θ ≤ 0
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in the following discussion [45]. Considering the entangling region as in Eq.(2.3) and rewriting
z(ρ, φ) = ρ h(φ) such that h(±Ω2 ) = 0, the HEE functional becomes
S =
L2
2GN
∫ H

h∗
dρ
ρ1−θ
∫ Ω
2
−δ
0
dφ
√
1 + h2 + h′2
h2−θ
, (B.2)
where the notations are similar to the previous sections. Since the integrand does not depend on φ
explicitly we can define a conserved quantity such that
Hθ ≡ (1 + h
2)
2−θ
2
h2−θ
√
1 + h2 + h′2
=
(1 + h2∗)
1−θ
2
h2−θ∗
. (B.3)
Using this expression one can find the relation between the opening angle Ω and the turning point
in the bulk as follows
Ω = 2
∫ h∗
0
dh
√
1 + h2
√
(h∗h )
2(2−θ)( 1+h2
1+h2∗
)1−θ − 1
(B.4)
and if we use the change of variable y =
√
1
h2
− 1
h2∗
the HEE becomes
S(Ω) =
L2
2GN
∫ H

h∗
dρ
ρ1−θ
∫ √ ρ2
2
− 1
h2∗
0
dy
h∗y
(
1
h2∗
+ y2
)− θ
2√
1 + h2∗y2 −
(
h2∗+1
h2∗(y2+1)+1
)1−θ . (B.5)
The behaviour of the integrand near the boundary, i.e., y →∞ is given by
h∗y
(
1
h2∗
+ y2
)− θ
2√
1 + h2∗y2 −
(
h2∗+1
h2∗(y2+1)+1
)1−θ ∼
y +O( 1y5 ) θ = −1,y−θ + #
yθ+2
+O( 1
yθ+4
) θ ≤ −2,
(B.6)
which shows that in order to isolate the divergent part one needs to apply a θ-dependent regular-
ization. For example when θ = −1 one finds
S(Ω) =
L2
4GN
(
H
2
− 2
h∗
+
1
h2∗H
)
+ a−1(Ω)
(
h∗

− 1
H
)
+O(), (B.7)
where the function a−1(Ω) is defined as
a−1(Ω) =
L2
2GN
∫ ∞
0
dy y

(
1 + h2∗y2
) 1
2√
1 + h2∗y2 −
(
h2∗+1
h2∗(y2+1)+1
)2 − 1
 . (B.8)
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Figure 25: Left : Ω/pi as a function of the turning point h∗. Right : aθ as a function of the opening
angle Ω.
A similar procedure leads to the divergent parts for other values of θ. Fig.25 demonstrates the
behavior of Ω(h∗) and aθ(Ω) for θ = −1. In this figure we have also included the case of θ = 0 for
comparison. Also note that the function aθ(Ω) vanishes in Ω → pi limit which corresponds to the
smooth limit as expected. According to Eq.(B.7) even in the smooth limit in addition to the area
law term there exists an extra divergent term. Explicit computations show that when one computes
the HMI this divergent term does not cancel out and the resultant HMI becomes divergent. This
situation is similar to the case of a spherical entangling region in a d-dimensional field theory with
d > 3.
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